EQUIVALENCES AND STRATIFIED FLOPS 



SABIN CAUTIS 



Abstract. We construct natural equivalences between derived categories of coherent sheaves on the 
local models for stratified Mukai or Atiyah flops (of type A). 
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1. Introduction 

1.1. Overview. The purpose of this paper is to define in a direct way the kernels which induce 
equivalences between the (derived) categories of coherent sheaves on the local models for stratified 
Mukai or Atiyah flops (of type A). 

The relation between birational geometry and derived categories of coherent sheaves is an interesting, 
at times subtle story. On the one hand there are general ideas of when two birational varieties should 
be Z?-equivalent {i.e. have isomorphic derived categories). For example, one such conjecture is that in- 
equivalence should imply D-cquivalence. Recall that two birational varieties Y and Y' are if -equivalent 
if they have a common resolution Y <^ Z Y' such that ttKKy) = Tr2{KY') (see [H] p. 150 for 
details). 

Date: September 4, 2009. 
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More generally, given a flip X --^y Y there should be an embedding of D{Y) into D{X). So the 
minimal model program can be thought of as a process which yields a birational model having the 
smallest derived category among all models. 

One the other hand, one can take specific birational varieties Y and Y' and ask for a concrete 
equivalence between their derived categories. One natural way to construct such an equivalence is to 
define a birational correspondence 



Z 




Y Y' 

and hope that the functor 7^2* °t^\ '■ DCoh{Y) DCoh{Y') is an equivalence. Sometimes the obvious 
correspondence works (i.e. it induces an equivalence) and sometimes it does not (see below). 

Interesting examples of such correspondences are given by (stratified) Mukai and Atiyah flops (de- 
fined below). Such flops appear naturally in higher dimensional birational geometry. For example, 
Baohua Fu [F] shows that two Springer maps with the same degree over a nilpotent orbit closure are 
connected by stratified Mukai flops. So if one can show that stratified flops induce equivalences then 
it follows that any two Springer resolutions are derived equivalent. 

Another example is the work with Joel Kamnitzer [CK2] where we use explicit equivalences induced 
by Mukai flops to construct homological knot invariants. Stratifled Mukai flops show up when one 
tries to generalize this construction in order to categorify the coloured sl{m) Reshetikhin-Turaev knot 
invariants |CK3j . In these cases one wants a particular equivalence - it does not suffice to simply know 
the equivalence exists abstractly. 

1.2. Stratified Mukai and Atiyah flops. The local model for the Mukai flop is a correspondence 
which relates the cotangent bundles T*P{V) and T*P{V'^) of dual projective spaces. Notice that 
although T*¥(y) and T*P(y^) are isomorphic they are not naturally isomorphic (so, for example, 
they are not isomorphic in families). In particular, this means that the categories of coherent sheaves 
Coh{T*P{V)) and Coh{T*V{V^)) are not naturally isomorphic. 

The correspondence is given by blowing up the zero section in T*V{V) and then blowing down the 
exceptional divisor in a different direction to obtain T*P(F^). One can also blow down the zero sections 
of T*P{V) and T*P(t/^) to a common base B. To summarize, we obtain a commutative diagram 



W 




B. 



One might guess that tts* o tt^ : DCoh{T*¥{V)) DCoh{T*¥{V'^)) should give an equivalence. 
Perhaps a little surprisingly this is not the case [Nl| . However, if one uses the fibre product Z :— 
T*P{V) X B T*P{V'^) instead of W then the induced functor (given by pulling back to Z and pushing 
forward) does induce a natural equivalence 

DCoh{T*V{V)) ^ DCoh{T*V{V'^)) 

as shown by Kawamata |Kal| and Namikawa [Nlj . 

Now T*P{V) and T*P{V'^) have natural one parameter deformations T*¥{V) and T*T{V'^) over 
. The Atiyah flop relates these two spaces by a correspondence also given by blowing up and then 
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down the zero section. One can also blow down the zero sections to get a common space B and obtain 
the analogous commutative diagram 



W 




T*P{V) T*P(yv) 




B. 



This time W is actually the same as the fibre product T*P{V) x ^ T*F{V'^) and the functor 71-2* o tt* 
induces an equivalence 

DCoh{T*¥(y)) ^ DGoh{T*ny'^)). 

Mukai flops and Atiyah flops have natural generalizations to cotangent bundles of Grassmannians. 
More precisely, the stratified Mukai flop (of type A) relates T*G{k, N) and T*G{N - fc, N) (the 
standard Mukai flop is the case fc = 1) via a diagram 



W 




T*G{k,N) T*G{N~k,N) 




B. 



Such flops often show up in the birational geometry of symplectic varieties. We will give a precise 
description of these spaces and maps in section [2j Perhaps surprisingly, it was shown by Namikawa in 
[N2] that neither W nor the fibre product Z := T*G{k, TV) x s T*G{N - k, N) induce an equivalence 
DCoh{T*G{2,A)) ^ DCoh{T*G{2,4)). At this point it is not clear what correspondence, if any, one 
can use to construct this equivalence. 

In [CKL3j together with Joel Kamnitzcr and Anthony Licata we constructed natural equivalences 

DCoh{T*G{k, N)) ^ DCoh{T*G{N - k, N)) 

for all < fc < A^. The construction was indirect and involved categorical 5(2 actions. However, a little 
unexpectedly, it yielded a kernel which is a sheaf {i.e. a complex supported in one degree). In this 
paper we identity this sheaf in a more direct way as the pushforward of a line bundle from an open 
subset of the fibre product Z (Theorem I3.7p . 

There is also a deformed version of stratified Mukai flops. These are the stratified Atiyah flops 

(of type A) and they relate T*<G{k, N) and T*G{N — k, N) (these spaces are natural deformations 
of T*G{k,N) and T*G{N - k,N) over A^). It follows from Namikawa's work [N2] that the natural 
correspondence here (which is the same as the natural flbre product) does not induce an equivalence 
when (fc, N) = (2, 4). In the second main theorem of this paper we use the description of the kernel used 
for the stratified Mukai flop (Theorem 13. 7p to construct another kernel (again given via pushforward 
of a line bundle from an open subset) which induces an equivalence 

DCoh{T*G{k^N)) ^ DCoh{T*G,{N^k,N)) 
for any < fc < (Theorem Oj) . 
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In [Ka2j Kawamata wrote down a tweaked version of the functor induced by Z and showed that it 
induces an equivalence 

DCoh{T*^,\)) ^ DCoh{T*G(XA)). 
We show that our functor agrees with his functor in this special case fProDOsition l5.7p . 

1.3. Outline. In section[2]we define all the varieties involved and their relevant deformations. We also 
review briefly ^2 sheaves and their extensions. 

In section E l we rec all t he equi valence T{k,N) : DCoh{T*G.{k, N)) ^ DCoh{T*G{N - k,N)) 
constructed in |CKL2| and [CKL3| via categorical SI2 actions. We then give a new description of the 
corresponding kernel N) as a pushforward of a line bundle from a sufficiently large open subset 
of T*G(fc, A^) X T*G{N - fc, N) (Theorem [3Jl) . 

In sectionHwe show that the sheaf T(fc, N) extends to a sheaf T (fc, N) on T*G{k, N)xj^iT*G{N - k, N) 
which induces an equivalence (Theorem 14. ip . This sheaf also has a description as the pushforward of 
a line bundle from an open subset. 

Finally, in section [5] we tie up some loose ends. First we discuss a little bit the choices of the 
line bundles appearing in Theorems 13.71 and 14.11 Then we compute explicitly the inverse of T(fc, A^). 

Finally, we explain the relation between our equivalences and the equivalence DCoh{T*G{2, 4)) ^ 

DCoh{T*G{2,4)) constructed by Kawamata in |Ka2| . 

1.4. Acknowledgements. I would like to thank Janos KoUar and Sandor Kovacs for their help with 
questions about extensions of S2 sheaves, to Raphael Rouquier for some initial inspiration and to 
Dan Abramovich, Brendan Hassett and Joel Kamnitzer for helpful conversations. This paper was con- 
ceived while visiting the Mathematical Sciences Research Institute - their support is much appreciated. 
Research was also supported by National Science Foundation Grant 0801939. 

2. Preliminaries 

In this section we discuss notation, define the main varieties we will study and review some facts 
regarding S2 sheaves. One can skim this section on a first reading and refer back to it as a reference. 

2.1. Notation. We will only consider schemes (of finite type) over C. If Y is such a scheme then D{Y) 
denotes the bounded derived category of coherent sheaves on Y. All functors will be derived. So, for 
example, if / : 1" ^ A is a morphism then /* : D(Y) D{X) denotes the derived pushforward (under 
this convention the plain pushforward is denoted 

Warning 2.1. There is one important exception to this rule, namely if j : [/ ^ y is an open embedding 
then will denote the plain (underived) pushforward. 

Recall also briefly the idea of Fourier-Mukai transforms. Given an object V S D{X x Y) (whose 
support is proper over Y) we may define the associated Fourier-Mukai transform, which is the functor 

$P : D{X) D{Y) 

where tti and 112 are the natural projections from A x y. The object V is called the (Fourier-Mukai) 
kernel. 

Fourier-Mukai transforms have right and left adjoints which are themselves Fourier-Mukai trans- 
forms. The right adjoint of ^-p is the Fourier-Mukai transform with respect to Vr :— ®it20J x['^v[n.{X)] G 
D{Y X A). Similarly, the left adjoint of $p is the Fourier-Mukai transform with respect to Vl ■= 
(g) 7rj['a;F[dim(y)], also viewed as a sheaf on F x A. If T-" induces an equivalence ^-p then its inverse 
is induced hy Vl= Vr. 
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2.2. Varieties. We will write Y{k,N) and Y{k,N) for T*G{k,N) and T*G{k,N) respectively. If F 
is a variety then will denote the bounded derived category of coherent sheaves on Y. We usually 

denote closed immersions by i and open immersions by j. 

Suppose from now on 2k < N. Recall the standard description of cotangent bundles to Grassman- 
nians 

Y{k, N) = {{X,V):X G End(C^), O^V C^, XC^ c V and XV C 0} 

where the arrows indicate the codimension of the inclusions. Forgetting X corresponds to the projection 
Y{k,N) G{k,N) while forgetting V gives a resolution p{k) : Y{k,N) B{k,N) where B{k,N) is 
the nilpotent orbit 

B{k, N) := {X e End(C^) : X^ = and dimker = N-k}. 

The condition dimkerX = N — k is equivalent to rankX = k since X"^ = 0. 

Now we also have the resolution p{N — k) : Y{N — k,N) ^ B{k, N). Thus we get two resolutions 

Y{k, N) ^ B{k,N) Y{N - k, N) 

which is the basic example of a stratified Muted flop between Y{k, N) and Y{N — k,N). Consider 
the fibre product 



Z{k,N) := Y{k,N)x^^Y{N-k,N) 

= {0 i J) ^i^*" : XC^ c Vi , XC^ c V2,XVi C 0, XV2 C 0}. 

N-k k 

The scheme Z{k, N) consists of fc + 1 cqui-dimcnsional components Zs{k, N) (s = 0, . . . , fc) where 



Z,{k, N) := p{k)-^{B{s, N)) Xb(.,jv) p{N - k)-^{B{s, N)). 

Notice that 

{{X, Vi,V2)& Z{k, N) : dimkerX > N - s} = Zk-s{k, N) U Zk-s+i{k, N)U---UZk{k, N) 

{{X, Vi, V2) G Z{k, N) : dimVi nV2>s} = Zk-s{k, N) U Zk-s-i{k, N)U---U Zo{k, N) 

so we have natural increasing and decreasing filtrations of Z(k,N). In particular, one can describe 

Zs{k, N) more directly as 

Zs{k, N) = {{X, Vi, V2) e Z{k, N) : dimkcrX > TV - fc + s and dimV^i r\V2>k-s}. 

Since span(Vi,y2) C keiX it follows that dimkerX + dimVi n ^2 > ^ on Z{k,N). We define the 
open subscheme 

Z^ik, N) ■= {{X, Fi, V2) e Z{k, N):N+1> dimkerX + dim^i n V2} C Z{k, N) 

and Z°(k, N) := Zs{k, N) n Z°{k, N). Abusing notation slightly, we will denote all the open inclusions 
j : Z°{k, N) — > Zs{k, N). We will also denote by i all the closed inclusions of Zs{k, N) or Z{k, N) into 
Y{k,N) X Y{N-k,N). 

On Y{k,N) we have the natural vector bundle whose fibre over {X,V) is V. Abusing notation we 
denote this vector bundle by V. Similarly, we have vector bundles Vi and V2 on Z{k, N) as well as 
quotient bundles /Vi and C^/Vj. 

We will also use the following natural correspondences between Y{k, N) and Y{k + r, N) 

W{k,N):={{X,Vi,V2) : X g End(C^),0 Vi ^ V2 ^"^"^ C^, 

XC^ C Vi and XV2 C 0}. 
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The two projections give us an embedding W^{k, N) C Y{k, N) x Y{k+r, N). Notice that if r = N — 2k 
then we get the standard birational correspondence 

Y{k, N) ^ W^-'^''{k, N) Y{N - k, N) 

relating stratified Mukai flops. 

2.3. Deformed varieties. The varieties Y{k,N) = T*G{k,N) have natural one parameter deforma- 
tions 

f(fc, N) = {(X, V,x):xeC,Xe End(C"), C C C^,dim{V) = k and JLlfLl^ y 2^±^2^ Q] 

over A^. The whole picture from the previous section can be repeated for these deformed varieties. 
We can look at 

B{s, N) := {X G End(C^) : = • id and dimker(X - a; ■ id) = - s} 

and define p{k) : Y{k,N) — > B{k,N) as the map which forgets V (this is a resolution). We also have 

the map p(7V — k) : Y{N — k,N) ^ B{k, N) which forgets X (and maps x to —a;). As before, we get 
two resolutions 

f(fc, N) ^ B{k,N) Y{N - k, N) 

which is the basic example of a stratified Atiyah flop between Y{k, N) and Y{N — k, N). 
The variety Z{k,N) also deforms to 

Zik,N) := Y{k,N)xj^Y{N-k,N) 

= {0 ^ : (X - X ■ id)C^ cVu{X + x- id)C^ C V2 

N-k •'a k 

{X + x- id)Vi C 0, (X - X • id)y2 C 0}. 

However, Z{k,N) is now irreducible and there are no deformed analogues of Zs{k,N). Notices that 
Z{k,N) is naturally a subscheme of Y{k,N) x^i Y{N — k,N) (where the second projection Y{N — 
k, N) Ai maps (X, V, t) ^ -t). 

Next, we can define the open subscheme 

Z°ik, N) := {(X, Vi,V2,t)e Z{k, N):N+1> dimker(X - a; • id) + dimVi n V2} C Z{k, TV). 

Notice that if a; 7^ then Vi and V2 are uniquely determined by X as the kernels of X + a; • id and 

X — X • id respectively. In particular, this means that Z°{k, N) contains all the fibres over x ^ since 
when X ^ we have Fl n V2 = 0. We denote the open inclusion j : Z°{k,N) — »■ Z(k,N). Also, we 
denote by i the closed inclusion of Z{k,N) into Y{k,N) Xai Y{N — k,N). As before we also have 
natural vector bmidlcs Fi, V2,C^/T4 and /V2. 

Finally, note that the varieties W'^{k,N) do not deform. The analogue of the standard birational 
correspondence Y{k, N) 4- W^-'^''{k, N) ^ Y{N - k, N) is just 

Y{k, N) ^ Z{k, N) Y{k, N) 

relating stratified Atiyah fiops. 

2.4. C* actions. All varieties in the previous section carry a natural C* action. For t G C* , this is 
given by scaling X 1— > i • X £ End(C^) and similarly (for the deformed varieties) x t ■ x G A-'^. 

We will always work C* equivariantly in this paper. In other words D{Y) will denote the bounded 
derived category of C*-equivariant coherent sheaves on Y. Although we could avoid working equivari- 
antly there arc a couple of places where the C*-equivariancc makes our lives easier since it reduces the 
dimension of some Hom spaces. We will emphasize the few places where C*-equivariance is actually 
used. 
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2.5. Extensions of 5*2 sheaves. By a scheme we mean a separated scheme of finite type over C. We 
review some known facts about 5*2 sheaves. 

Let y be a scheme and T a coherent sheaf on Y . Recall that if Y is normal (or 8-2) then T is S2 if 
and only if it is torsion free and reflexive. Equivalently, T is 6*2 if and only if for any open [/ C 

where X C ?7 is a locally closed subscheme and < i < min(l, codim(X) — 1). We will use both of 
these descriptions. 

Lemma 2.2. Let U, Y he schemes with j : U Y an open embedding such that Z := Y \ U C Y 
has codimension at least two. If Q is an S2 coherent sheaf on Y then Q = j*j*G- Similarly, if J- is a 
coherent sheaf on U then T = j* j*^ ■ 

Proof. We use the standard long exact sequence of local cohomology 

^ (y, g) ^ g) ^ H°{u,fg) ^ hUy, g)^.... 

Since g is ^2 and codim(Z) > 2 we have H%{Y,g) = and Hl{Y,g) = 0. Thus H°{Y,g) ^ 
H'^{U,j*g). But we can replace Y by any other open set V D U and get the same isomorphism. 

Thus g j*j*g. 

Now consider the composition of adjoint maps 

The left-most map is an isomorphism by the result above while the composition is the identity by the 
formal properties of adjoint maps. Thus the right-most map is also an isomorphism. Now consider the 

exact triangle j* j^J- ^ T ^ Cone(0). Applying j, we get that is an isomorphism so j„ Cone(0) — 
0. This means Cone(0) = and hence <f> is an isomorphism. □ 

Proposition 2.3. Let U, Y be schemes with j : U Y an open embedding such that Y \ U d Y has 
codimension at least two. If T is an S2 coherent sheaf on U then j^J- is a coherent S2 sheaf on Y . 
Moreover, it is the unique such S2 sheaf whose restriction to U is T . 

Proof. Let us assume U and Y are both 6*2. 

First, since j*OY = Ou then by Lemma [2?2l we have Oy — j*j*OY — j*Ou- Thus is a coherent 
sheaf because j,,Ou — Oy- 

Now a sheaf on Y is S'2 if it is torsion-free and reflexive. Now the (underived) double dual 
is reflexive and torsion-free by construction. Also, since IF is ^2 this means that (j„ J^)^"^ is isomorphic 
to on U. Thus 

where the flrst and last isomorphisms are by Lemma 12.21 Thus j^J- is an S'2 coherent sheaf. To show 
uniqueness, suppose g is another S'2 coherent extension of JT. Then j^.T = j*.j*g — g where the second 
isomorphism follows by Lemma 12.21 

Finally, if U is not S2 then restrict to an open subscheme U' C U whose complement has codimension 
at least two and repeat the argument above. If Y is not S2 then look at its S2-ification p : Y' ^ Y 
and apply the argument above to conclude that j'^F is S2 where j' : U ^ Y' . Then — p>,j'^T is 
S2 since p is a finite map (c.f Proposition 5.4 of [KMj ) . □ 

We will also need the following two technical Lemmas. 

Lemma 2.4. Let — > J^' — > J-" — > T" be a short exact sequence of coherent .sheaves on some 
variety Y. If the scheme theoretic supports supp{J-') and supp{T") are reduced and share no common 
irreducible components then supp{J-) is also scheme theoretically reduced. 
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Proof. □ 
Lemma 2.5. Consider a short exact sequences of sheaves 

on an arbitrary scheme Y. If Ti and Ti are S2 then T is 82- 

Proof. This follows immediately from the local cohomology description of 52 sheaves by considering 
the long exact sequence 

for any closed Z d X . □ 

3. Equivalences of stratified Mukai flops 

In |CKL3| we constructed a natural equivalence T : D{Y{k, N)) ^ D{Y{N — k,N)) induced by a 
kernel T. We begin by studying the construction of T. 

3.1. The varieties Zs{k, N). We begin with some results on Z{k, N) and its irreducible components. 
It is helpful to remark that Z{k, N) is quite singular. However, Z°{k, N) is quite well behaved. 

Lemma 3.1. Each Zs{k,N) has a natural partial resolution 

Zi{k,N):={O^Wi ^ ^^^^'^ -.XC^ cWi,XViClO,XV2(lO} ^ Zsik,N) 

where tt^ forgets Wi. Z°{k,N) is smooth and the restriction 0/ vr^ to the preimage of Z°{k,N) is an 
isomorphism. The complements of Z°{k, N) in Zi.{k,N) and Zs{k,N) have codimension at least two 
and four repectively. 

Proof. Zs{k, N) has a natural resolution given by 

Z'^'ik, N) := {0 ^ T^i ^ ./ =^ W2 ^ : XC^ C Wi,XW2 C 0}. 

N-2k+s ^2 s 

This variety is smooth because forgetting Vi and V2 gives us a G(s, N — 2k + 2s) x G{N — 2k + s, N — 
2k + 2s) fibration 

vr : Z'J{k, N) {0 ^ Wi W2 ^ : XC^ C Wi,XW2 C 0}. 

g 2k-\-'2s 

which is actually isomorphic to the conormal bundle of the partial flag variety {0 > Wi > 

W2 C^} embedded inside the product G{k -s,N) x G{N -k + s, N). 
Now Z°{k, N) C Zs{k, N) is defined by the open condition 

dimkerX + dimT^i n V2 <N + 1. 

Since dimkerX > N — k+s and diml4nV2 > k — s there are two possibilities: either dimkerX = N — k+s 
or dimVi n V2 = k — s. In the first case we can recover W2 as the kernel of X and Wi and the image of 
X - this gives a local inverse of tt. Similarly, in the second case we can recover Wi as the intersection 
of Vi and V2 and W2 as the span of Vi and V2. So vr is an isomorphism over Z°{k, N). In particular, 
since Z'J{k,N) is smooth this means Z°{k,N) is smooth. 

Finally, the complement Z'g{k, N) \ Z°{k, N) is covered by three pieces: 

• dimVi n V2 > fc — s + 2 (where s > 2) or 

• dimVi n V2 > fc — s + 1 and dimkerX >A^ — fc + s + 1 (where s > 1) or 

• dimkerX >A^ — fc + s + 2 (where s < k — I). 
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The dimension of the first piece can be computed as the dimension of its resolution 

{0 ^ Wi^W[ ^ ,/ ^ W2 ^ : XC^ C Wi,XW2 C 0}. 

Now this is a (G(s - 2, iV - 2fc + 2s - 2) x (G{N - 2fc + s - 2, iV - 2fc + 2s - 2) x G(2, - 2fc + 2s - 2) 
bundle over 

{0 ^ W'l ^2 Izl^ . XC^ c VFi, C 0} 

which is the conormal bundle of the corresponding partial flag inside G(fc — s + 2, N) x Gj{N — fc + s, N) . 
So its dimension is 

2(s-2)(7V-2fc + 2s-2) + 2(7V-2fc + 2s-4) + (fc-s + 2)(A^-fc + s-2) + (7V-fc + s)(fc-s) = 2k{N-k)-A. 

Now the dimension of Zs(fc, N) is 2k{N ~ k) so the codimension of the first piece is 4. 

The codimensions of the second and third pieces are computed similarly. For the second piece we 
use the resolution 

{0 ^ Wi ^ W[ ^ .7 ^ W2 > : XC^ C W^i, XW^2 C 0} 

Af-2fc+s-l ^2 s-l 

which has dimension 2k{N — fc) — 2 (codimension 2). 
For the third piece we use the resolution 

h * "l/i N~2k+s+2 „ „ 

{0 ^ Wi ^ .7 =^ W2 ^ ' : XC^ C W^i, XW2 C 0} 

N-2k+s '^2 s+2 

which has dimension 2k{N — fc) — 4 again. 

To show that the codimension of Zs{k, N) \ Z°{k, N) C Zs{k, N) is at least four the same argument 
as above works except in the second case. There one needs to use the resolution 

{0 ±J±1. Wi ^ J ^ W2 : XC^ C WuXW2 C 0} 

N-2k+s~l ^2 s-l 

which has dimension 2k{N - k) - 2{N - 2k + 2s). This is of codimension 2{N - 2fc + 2s) > 4s > 4 
since N > 2k and s > 1. □ 

Corollary 3.2. ns*Oz'jk,N) ^j*Oz^(k,N)- 
Proof. We can factor j : Z°{k, N) ^ Z,{k, N) as 

Z°{k, N) ^ Z'^ik, N) ^ Z,{k, N). 

We will see in the proof of Proposition 13.61 that Z'^{k,N) can be expressed as the intersection of the 
expected dimension of two smooth varieties (inside a smooth ambient variety). This means Z'g{k,N) 
is a local complete intersection. Also, by Lemma [3.11 the codimension of the complement of Z°{k,N) 
inside Z'^{k,N) is at least two. By Proposition 12 . 31 this means that j'^Oz'>{k,N) — Oz>_^{k,N)- Thus 

T^s*Oz'^(k,N) — '^s*j'*Ozo(k,N] — j*Oz^{k,N)- 

□ 

By Lemma [5T] we can identify Z°{k,N) with 

■ s N-2k+s 

{0±J^Wi =f =t 1^2 ^ : C W^i,XW^2 C 0,dimkerX + dimVinV^2 < iV + l}. 

Af-2fe+s ^2 s 

Keeping this in mind we have the following. 
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Lemma 3.3. The intersection 

Z?°,+i(fc,iV) := Z°{k,N)nZ,+,{k,N) 

= {{X, Vi, V2) G Z°{k, N) : dimkerX = N -k + s + 1 and dimVi nV2^ k-s} 

is a divisor in Z°{k,N) which is the locus where X : /W2 — > Wi is not an isomorphism. More 
precisely 

(1) Ozo^k,N){Ds.s+i{k,N)) - det{C^/W2y <S>det{Wi). 

Similarly, the intersection 

Dl^_^{k,N) := Z°{k,N)nZ,^i{k,N) 

= {{X, Vi, V2) e Zl{k, N) : dimkerX ^ N - k + s and dimVi n ^2 = fc - s + 1} 

is a divisor in Z°{k, N) which is the locus where the inclusion Vi/Wi — ^ W2/V2 is not an isomorphism. 
More precisely 

(2) Ozo,^k,N){Dl,^^{k,N)) ^ detiVi/Wiy ^det{W2/V2). 

Finally, Z°{k, N) n Z,,{k, TV) |s - s'\ > 1. 

Proof. D° ^^i{k, N) C Z°{k,N) is the locus where dimkerX = N — k + s + 1. This is precisely the 
locus where X : /W2 Wi does not induce an isomorphism. Forgeting X gives us a map from 
Z)° ^+i(fc, N) to the Schubert locus {(Vi, V2) : dimFi n V2 = fc - s + 1}. Since GL{N) acts transitively 
on the Schubert locus this map is a fibration. One can check the fibres are irreducible and hence 
D° ^^-^^{k, N) is irreducible. Thus we conclude that 

Ozo(fc,jv)(™ • ^° N)) - det(C^/T^2)'' <E> det{Wi) 

for some m G N {i.e. we could have to > 1 if scheme-theoretically the locus where X : /W2 
Wi fails to be an isomorphism is non- reduced) . To see that to = 1 we simply need to check that 
det(C^/W2)'^ ® det(W^i) is not a muhiple of a hue bundle on Z°(fc, N). This can be seen quite easily 
on the compactification Z'J{k, N) (defined in the proof of Lemma [3T|l by showing that its Chern class 
is primitive. This proves ([T]). The proof of ([2]) is similar. 

Finally, suppose s' ^ s + I where I > 2. The locus Zs{k, N) n Zs'(k, N) corresponds to dimkerX > 
N - k + s + I and dimV'i nV2 > k - s. This means dimkerX + dimT/i n ^2 > X + ^ > X + 1 so the 
intersection lies outside the open subschcme Z"{k, N). This shows Z°{k, N) n Zs'{k, N) = 0. The case 
/ < — 2 is dealt with similarly. □ 

Corollary 3.4. On Z°{k,N) we have 

det(C^/yi)^ ®det(l/2) - Oz^^k^N){D%+i{k,N) - D%_,ik,N)). 

Proof. This is a direct consequence of Lemma 13.31 since 

det(C^/1^2)''det(W'i)det(yi/iyi)det(1^2/V^2)'' = det(C^/y2)'' det(yi) 

^ (det(C^)^ det(y2)) ® (det(C^) det(C^/yi)^) 
^ det(C^/Vi)^det(V2). 

□ 
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3.2. The kernel T{k, N). In |CKL3| we defined a kernel T{k, N) e D{Y{k, N) x Y{N - k, TV)) as the 
convolution of a complex 

Okik^N) ^ ek-iik,N) ^ > eiik,N) ^ Qoik,N). 

Here Q,ik,N) = T^^^-^'^+^'^N - k, N) E^'^^k, N)[-s] where 

{k,N) ^ Owsik-s,N) ® det(C^ /V')-' 'i'^tiViY eD{Y{k,N)xY{k~s,N)) 

T^^-'^''+''\n - k,N) = OwN-^^+^ik-s^N) det{V2/V'y e D{Y{k- s,N) xY{N-k,N)). 

The varieties W^ik - s, N) and W^~'^''^'^{k - s, N) were defined at the end of section [221 
One of the main results of |CKL1| . |CKL2j and |CKL3| is that: 

Theorem 3.5. T(fc, N) G D{Y{k, N) x Y{N — k, N)) induces an equivalence of stratified Mukai flops 

T{k, N) : D{Y{k, N)) ^ D{Y{N ~ k, N)). 

Next we identify T{k, N) as an 5*2 extension of sheaves. 

Proposition 3.6. We have 

e,(fc,7V) ^ i,j,0 zo(^k.N) ® det{C^ /Vi)-' det{V2yhs] e D{Y{k,N) x Y{N-k,N)). 

Proof. By definition we have 

Qs{.k,N) ^ ^i34<20M/=(fe-s,iv) ® 7r*30,y«-2.+.(fc_,,^) ® det(C^/r)-Met(l/i)Met(y2/V'')')- 
Now 

n^^{W'{k- s,N))C^^T:^^{W'^-^^+'{k- s,N)) cY{k,N) xY{k-s,N) xY{N~k,N) 
is the irreducible scheme 

{0 ^ V ^ : XC^ C V, XVi C 0, XV2 C 0} 

N-2k+s ''2 k 

which, as we saw in Lemma lO] is the partial resolution Z'g{k, N) of Zs{k, N). In particular, dimZ^(fc, A'') — 
2k{N - k) which is the expected dimension of Ti^^(W^(k - s, N)) n TT:^l{W^-^''+''{k - s, N)). So we 
have the intersection of two smooth varieties which intersect in the expected dimension. This means 
7rj2^w=(fc-s,Af) ® ''^2'i^w^-'^*'+^(k-s,N) — ^z'(k,N) (onc Can check that the intersection is reduced by a 
local or cohomological calculation). 

Now 7ri3 forgets V and hence maps TTia : Z'^{k,N) — » Zs{k,N). By Corollary 13.21 tti ^^O^uh m\ = 
i*j*Oz'>(k,N)- Thus, by the projection formula, 

^13* {Oz'jk,N) ® det(C^/-t^')"' Aet{Viy det{V2/V'y) - i,j,Ozj(fc,Jv) ® det(C^/Vi)-^ det(F2)^ 
since 

det(C^/F')"' det(P^i)^ dei{V2/V'y ^ det(C^)-^ det(y')' det(Fi)'* det(V^2)' det(F')"'' 

= det(C^/Fl)-Met(F2)^ 

□ 

Theorem 3.7. There exists C* -equivariant line bundle C{k,N) on Z°{k,N) such that T{k,N) ^ 

i^j^C{k,N) where Z°{k,N) ^ Z{k,N) ^ Y{k,N) x Y{N ~ k,N). This line bundle is uniquely 
determined by its restrictions 

'C(fc,A^)|zj(fc,w) =det(C^/Fi)-Met(F2)^®Ozj(fc,iV)P°.+i(fc,A^)) 
and the fact it is C* -equivariant. 
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Proof. The convolution of 8*(fc,iV) is obtained by taking repeated cones starting on the left. More 
precisely, if we consider the convolution of the partial complex 

T>,{k,N) := Conv(efc(fc,7V) ^ > e,(fc,iV)) 

then we have the exact triangle 

T>s{k,N) ^Qs-i{KN) ^T>s-i{k,N). 

It is easy to see by induction that T>s{k, N) is a sheaf shifted into cohomological degree s. Moreover, 
each Qsik, N) is an 52 sheaf with reduced scheme theoretic support. So by Proposition l3.6l and Lemma 
12.41 f and induction) each T>s{k, N) is an 5*2 sheaf with reduced scheme theoretic support. In particular, 
so is T{k,N). 

Since each T>s(k,N) has reduced scheme theoretic support it is the pushforward of a sheaf on 
Z{k, N). For the rest of the proof we will work on Z{k, N) and to simplify notation we will think of 
Tik, iV), T>,{k, N) or e,(/fc, N) as lying on Z(fc, N). 

Now by Lemma l3.ll the complement Z{k,N) \ Z"{k,N) has codimension at least four. So by 
Proposition!^ to show r(fc, N) = j*C{k, N) it suffices to show j*T(fc, N) ^ C{k, N). 

We will show by decreasing induction that there exists line bundle £>s{k,N) on ZZ,^{k,N) such 
that 

rT>,{k,N)^C>s{k,N)[~s] 
where ZS,^{k,N) := Z^{k,N) U • • • U Z°{k,N). Moreover, TV) is uniquely determined by its 

restrictions 

C>s{k, N)\zo,ik,N) = detiC"" /Vi)-'' det{V2r' ^Ozo,ik,N){D:,^,,+,{k,N)) 
if k > s' > s and 

C>sik, N)\zo^k.N) = detiC^/Vi)-' det(y2)^ 
The base case s = k follows by Proposition 13.61 To prove the induction step we look at the exact 
triangle 

(3) rT>s{k,N) ^ res^i{k,N) ^ j*T>,^i{k,N) 

where j*e3_i(fc, TV) ^ Oz-_^[kM) ® det{C'^ /Vi)~''+'^ det{V2y-'^[-s + I] by Proposition EH Now 

Z'^^ik, N) n Z,_i(fc, N) = Z°{k, N) n Z,_i(fc, N) = D':_,jk, N) 
in the notation of Lemma 13.31 Thus we get 
Rom{j*T>,ik,N),j*es-i{k,N)) 
^ Roui{C>,{k, N)[~slOzo_^ik.N) ® dct(C^/yi)-^+i dct{V2y-'[-.s + 1]) 
^ Rom{C>s{k, N)\zo^k,N),Oz^_^ik,N) ® det(C^/yi)-^+i det(y2)^-Ml]) 
^ Rom{Ozoi^k,N)<»det{C'^/Vi)-'det{V2)^Oz^^_^(k,N)'S>det{C''/Vi^^ 

- lioin{Ozo^kM),Oz^_^ik,N)®det{C^/Vi)det{V2ni]) 

- Hom(Ozj(/c,A'),Oij°_,(fe,jv)(-^°-i..(fc,A^) + ^s-i,.-2(fc,^))[l]) 

= Hom(C'£i°_^^(/c,A')j C'D°_i_^(fe,Ar)) = (CD°_i^(fc,Af)) 

where the second isomorphism follows since Z°,{k,N) n Z°_i(k, N) = if s' > s, the second last 
isomorphism follows by Lemma 13.31 and the last isomorphism follows by Lemma 13.81 
Since the complement of D"_i ^{k, N) in 

Ds-iAk,N) = Zs^i{k,N)nZ,{k,N) 

= {{X, Vi,V2) e Z{k, N) : dimkerX > - fc + s and dim^i n ^2 > fc - s + 1} 
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has codimension at least two it follows H'^{Od° ^ (fe,JV)) — H'^iDs-i.sik, N). We would like to show 
there are only the constant functions on Ds-i^sik, N). This is not true but there is one trick we can 
apply. All of our constructions so far have been C*-equivariant with respect to the C*-actions defined 
in section [231 So the map 

4 eHom(rT>,(fc,7V),j*e,_i(fc,7V)) ^i/"(i^,_i,,(fc,7V)) 

must be C*-equivariant. But C* acts by scaling X G End(C^) so the closure of every C* orbit intersects 
the locus where X — Q. Thus 

Hi, {Ds-i^sik, N)) ^ H^iiiVi, V2) e G(fc, N) x G{N ~k,N): dimFi nV2>k-s + l}) = C. 

We conclude that any C*-equivariant map such as is unique (up to a multiple). Note also that that 
dg ^ because if c?s = then T(fc, N) is decomposable and would not induce an equivalence. 
On the other hand, notice that 

rQs-i{k,N)^Oz^_^(k,N)iD°-i,sik,N))[s - 1] 

- dct(C^/V^i)-Met(V^2)^ ® (dct(C^/Fi)det(l^2)^ «>Ozo_,(fc,A')P°-i,.(fc,iV))) 

- det{C^ /Vi)-' det{V2r ® Ozo_^ik,N){D:_i,s-2ik,N)) 

where the last isomorphism follows from CoroUarv 13.41 Since D°_^ ^_2{k,N) n D°_^ ^{k,N) = % the 
restriction of this line bundle to ^(fc, N) is the line bundle det(C^/Vi)~*' det(V2)*. This is the same 
as the restriction of £>s{k,N) to D°_i ,, C Z°{k,N). Since, as we saw above, Hl,{Ds-i,s{k, N)) = C 
there is a unique C*-equi variant line bundle, namely C>s-iik, N), which restricts as above. 
Finally, consider the standard short exact sequence 

Cz°_i(fc,JV)(-^°-l,s(fc: ^)) Ozi_^_^(k,N) Oz<^^(k,N) 

where the right hand map is restriction. In an analogous manner we get the sequence 

fQs~i{k, N)[s - 1] ^ C>s-i{k, N) ^ C>s{k, N) 
which, after shifting by [—s + 1] and moving the right term over to the left side, gives 

j*T>s{k,N) ^ fQs-i{k,N) ^ C>s-i[-s + l]. 

Notice that the map d is non-zero and that everything in this final calculation is again C*-equivariant. 
So d = ds up to some non-zero multiple and comparing with ([3]) we get j*T>s-i{k, N) = C>s-i[—s + 1] 
(which completes the induction). □ 

Lemma 3.8. Consider two smooth schemes Z\ and Z2 intersecting along a divisor D — ZiC\Z2. Then 
^om(Oz, , Oz; (-^) [1]) = Hom(Oc , Od) - 

Proof. Sec, for example. Corollary 4.8 of |CK1| . □ 

4. Equivalences of stratified Atiyah flops 

If we restrict to Z°{k, N), which is smooth, each Z°{k, N) C Z°{k, N) defines a line bundle. Notice 
that Zs{k,N) C Z{k,N) is in general only a divisor (it may fail to be Cartier). The following is the 
main result of this paper. Recall the natural inclusions 

Z°{k, N) ^ Z{k, N) ^ Y{k, N) Xai Y{N ~ k, N). 
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Theorem 4.1. Denote by £{k,N) the line bundle Oz°(fe,Ar) (ELo ( 2 )^°(^'^))- ^^^^^ 

f (fc, TV) y,£(fc, TV) e D{Y{k, N) x^i Y{N - fc, TV)) 

induces an equivalence T(k, N) : D{Y(k, TV)) — > D{Y{N — fc, TV)) 0/ stratified Atiyah flops. Moreover, 
the restriction of f (fc, TV) to F(fc, TV) x F (TV - fc, TV) isT{k,N). 

Proof. Over any non-zero x E the fibre Z°{k,N)x = Z{k,N)x maps isomorphically down to 
Y{k,N)x and y(TV — k,N)x and so T{k,N)x induces an equivalence. So to show that T(fc,TV) is 
an equivalence it suffices, by Lemma 14.21 below, to show that T(fc, TV) restricts to T(fc, TV) over the 
central fibre Y{k, TV) x Y{N - yfc, TV). 

Consider the following commutative diagram 

Z°{k, TV) — ^ Z{k, TV) — ^ y(fc, TV) X r(TV - fc, TV) 



/i 



/2 



/3 



TV) — ^ Z{k, TV) TV) x^i Y{N ~ fc, TV) 

where the /'s denote the natural inclusions of the central fibre. We have 

f;f{k,N) = f;i,lcik,N)^i-,f;lc{k,N) 

= «*j*j*/2.?'*'C(fc, TV) = i*j*f^j*j*C{k, TV) ^ i*3*f^C{k, TV) 

where the second isomorphism on the first row follows since Z{k, TV) is flat over and the first 
isomorphism on the second row is because £(/c, TV) and hence j*>C(fc, TV) is an S2 sheaf (we also used 
Lemma [22] which applies to both j and j). Since T(fc, TV) = if,jf,C{k, TV) it follows that what we really 
need to check is that f^C{k, TV) ^ C{k, TV). 

Notice that everything is still C*-equivariant so C{k, TV) is uniquely determined by its restrictions 
to Z°{k, TV). Hence it suffices to show that 



(E ('1y^)z^ik,N))\z^^k,N)^det{C^/V^)-^detiV2r(^Ozo^k,N)iD°^^^^^^ 



To see this we use two facts. The first is that Z°,{k,N) n Z°{k,N) = if js 
02a(^i. j^-^{Z°,{k, N))\z<^{k,N) is trivial if \s — s'\ > 1. The second fact is that Y^'I^q Z°{k, N) is equal 

to the class of a fibre meaning that the hne bundle 0^°(fc a')(Es=o ^si^^i ^)) is trivial. Putting them 
together we get 



s=0 



= Oz.(,.,Ar)(Q^r-i(fc,A^)+ 2 (' 2^)^°+i(^'^))l^?^ 

= Ozo(,.,^)(-sZ:_i(fc,TV) + (s + l)Z:+i(fc,TV))|^<,(fc,^) 

= Oz^^k,N){~sDl,_,{k, N) + {s + l)i?° ,+i(fc, TV)) 

^ detiC"" /Vir' det{V2r ®Ozoi^kMKs+iik,N)) 

where the first isomorphism uses the first fact, the second uses the second fact and the last uses 
Corollary EH □ 
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Lemma 4.2. Let Y —t B and Y' ^ B he two families of smooth varieties over some base B and let 
T Cz Y Xg Y' he a relative kernel. If T\y^^y' induces an equivalence D{Yt) — > D{Yl) for every t (z B 

then T induces an equivalence D{Y) — > D{Y'). 

Proof. This follows by Proposition 3.2 of [Sz]. □ 

5. General Remarks 

5.1. Choice of line bundles. The choice of line bundles C{k,N) and C{k,N) in Theorems 13.71 and 
14. II might seem a little random. One might ask, for instance, what (if anything) goes wrong if we take 
C{k, N) to be the trivial line bundle. 

Namikawa showed in |N2j that in the case of Y{2, 4) the trivial line bundle on Z{2, 4) (or Z{2, 4)) fails 
to induce and equivalence. From our point of view, the reason for this should be attributed to the fact 
that j<,j„£(fc, N) can be shown to be Cohen-Macaulay while jy) fails to be Cohen-Macaulay 

(if fc 7^ l,iV- 1). 

On the other hand, we can tensor C{k, N) by the restriction L of any line bundle from Z(k, N) and 
then i^j^,{C{k, N) O L) will still induce an equivalence. An interesting choice is L :— det(C^/X^i)^ (X) 
det(y2) because: 

Lemma 5.1. We have L ^ 02°(fe.w)(ELi sZ°{k,N)). 

Proof. The natural inclusion map V2 /Vi on Z°{k, N) is an isomorphism over any general fibre 

x^O because n = 0. So det(F2) = det(C^/Fi) which means that for a; ^ 

k 
s=l 

Since every line bundle on the base A-'^ is trivial it remains to show that L' and C2°(fc n) sZ°{k, N)) 

restrict to isomorphic line bundles over Z°{k, N). Since both line bundles are C*-equivariant, the same 
argument as in the proof of Theorem 13.71 implies that it suffices to show 

k 
s=l 

for every s. Now we have 

k 

Oz^(k,N)iY.'^°{k,N))\zo^uM) 

s=l 

= ^5z°(fc,Ar)((s - l)Z°_^{k,N) + sZ:{k,N) + (s + l)Z:+i(fc,iV))|^„(,,^) 

= Oz.(fc,Ar)(-^°-l(fc,iV) + ^r+l(fc,A^))|z°(fc,iV) 

= Ozo^(k,N){-Dl,_^{k,N) + Dl,+^{k,N)) 

— L\z°{kM) 

where the first isomorphism uses that Z°{k,N) D Z°,{k,N) = if |s — s'| > 1, the second uses that 
Cz°(fc N)iJ2s=o Zsik; N)) is trivial while the last uses Corollary [331 ^ 

Consequently, since ('*^^) — s = (2), wc find that: 

Corollary 5.2. The kernelS{k,N) := i^j4C{k, N) ® L'^) = i*J*0^o(fc^jv) (ELo {D^sik^N)) induces 
an equivalence of stratified Atiyah flops. 
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Notice that when k = 1 then £(1, N) eg) = C^°(i n) which explains why the structure sheaf of the 
natural correspondence for the standard Atiyah flop does induce an equivalence (as proven in [Kalj or 

mi). 



5.2. Inverses. It is instructive to identify the inverse of T{k,N). The inverse is induced by the left 
(or right) adjoint of T{k,N). One way to do this is to write T{k,N) as the convolution of 8,(fc,iV) 
and take left adjoints to get 

T{k,N)L - Conv(eo(fc,7V)i -> ei(fc,iV)i ^ > Qk{k,N)L) 

(where one takes the right convolution). Then one can identify this object as the pushforward via {ioj) 
of some line bundle as we did in Theorem 13.71 

On the other hand, we can find T(fc, N)l more simply as follows. We know that 

es{k,N)L = £'-'Hk,N)L*T^^-^''+'HN-k,N)L[s] 

= T^'^ (fc, N) [-s{N ~2k + s)] * £(^-2fc+.) _ fc^ TV) [{N -2k + s) (s)] [s] 
= T^''Hk,N)*£'-^-^''+'\N -k,N)[s] 

where we use that the left and right adjoints of any f is JF^'''' up to some shift (for the precise shift 
in general see |CKL3j ). The same argument used in the proof Proposition 13.61 shows that Qs{k, N)l is 
a sheaf in cohomological degree (— s) and then the right convolution of 8* (A;, N)l is a sheaf. 

This sheaf is 52 so it is the pushforward of its restriction to Z"{k,N). Now Z°{k,N) is Cohen- 
Macaulay so this sheaf must be 

Ozo(k,N) ® 'C(fc, Ny (g) TrlujY(k,N) [dimY{k, N)] ^ uJzo(k,N) ® C{k, 

where we use that the canonical bundle of Y{k, N) = T*G{k, N) is trivial. 

Theorem 5.3. The inverse ofT(k,N) is induced by 

f{k, N)l^ i,~j,C\k, N) e D{Y{k, N) X Ai Y[N -k,Nj) 

where 

l'{k,N) :=0^„(fc,^)(^ Qz°(fc,iV))® (det(C^/yi)^det(y2))®(^-''=). 

The inverse ofT{k,N) is induced by the restriction ofT{k, N)l to Y{k,N) x Y{N — k,N). 

Proof. The restriction of i,,j,,C'{k, N) to a non-central fibre is the structure sheaf 02°(fe n) since, as 
in the proof of Lemma [01 {X — x ■ id) : V2 ^ C^/Vi. Notice that this gives the inverse to the kernel 
induced by C'^°(fcAf)^- "^^^^ because, when x ^ 0, n^2i^°{k, N)^) and 7r^^(.Z°(fc, A^)^;) intersect 
transversely and the intersection maps one-to-one via ttis to the diagonal in Y{k,N)x x Y{k,N)x. 
Hence, if a; 7^ 0, the inverse of T(fc, N)\x is {i^,j^,C'{k, N))\x- It remains to show this when a; = 0. 
To do this we need to show that 

(4) i^j^C'ik, N)\Y(k,N)xYiN~k,N) ^ i*j*{i^Z''(k,N) ® C{k, iV)^). 

But 

^Z°{k,N) <E)C{k,N) = {(^z''ik,N) ^{k,N)''^)\Y(k,N)xY{N-k,N) 
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and by Proposition 15.51 we have 



s=0 s=0 ^ ^ 



k 

' S 



s=0 



where, as before, L = det(C^/Vi)'^ ® det(V2). This proves dJ). □ 
Remark 5.4. Notice that the difference between £{k,N) and its adjoint C'{k,N) is 

(dct(C^/V^i) ® det(F2))®^^~'''-'^ 

which is a global line bundle. Even more, this line bundle is the tensor product of puUbacks of line 
bundles from Y{k, N) and Y{N — fc, N). Thus T{k, N) and its inverse differ by conjugation. This fact 
cannot be seen directly from the definition of N) coming from categorical sl2 actions. Although 
this seems like a strange observation, it should help in constructing ajfine braid group actions, extending 
the work in [CK4| . 

Proposition 5.5. The dualizing sheaf of Z°{k, N) is 



^W) ^ Oz=(fc,^)(E^'^°(^'^)) ® (det(C^/yi)^ ® det(1^2))^(^-''=) 



s=0 

Proof. The right hand side restricts to the trivial line bundle on any non-central fibre Z°{k, N). This 
agrees with (^^"(fc n) — ^Y{k n) which is trivial since Y{k, N)x is actually obtained from T*G{k, N) 
by a hyper-Kahler rotation. Since Pic(A^) is trivial we are reduced to showing that 

k 
s=0 

where L = det(C^/l/i)^ ® det(V^2). 

Z°{k, N) is made up of fc + 1 smooth components Z°{k, N). Now 

uJzoik,N)\zoik^N) ^ ^zoik^N){D%_,{k,N) + D°^,+,{k,N)) 

so it suffices to show that 

k 

(5) u;zs(KN)iDls-iik-N) + Dl,^,ik,N)) - ^^^^(fc, iV)) ® L®(^-2'=))|^j(,,^) 

s=0 

for every s = 0, . . . , fc. But (Z°(fc, N)) ^ (Es'^. ~Z^Ak, N)) and Z°(fc, iV)nZ° (fc, N) : 

if |s — s'l > 1. So the right hand side of (O equals 

Ozsik,NMs - If - s')Dl,_,{k,N) + {{s + 1)2 - s2)i?,.,+i(fc,7V)) ® L®(^-2'=) 

- Ozs^k,N){{-2s + ,_i(fc, N) + {2s + ,+i(fc, N)) L^i^-^'^) 

- O^o(fe,^) .-1 (fc, A^) + D%^, (fc, TV)) L«(^-2fe+2^) 

which by Lemma 15.61 equals the left hand side of ([5]) (the second isomorphism above follows from 
Corollary [33 which states that Ozo[k^N){~Dl^_j^{k, N) + D° ,.^-^ik, N)) ^ L). □ 
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Lemma 5.6. The dualizing sheaf of Z°{k, N) is 

Proof. As we saw in the proof of Lemma l3. II Z^(k. N) has a natural resolution 



Z'J{k, N) := {0 ^ Wi ^ J) ^ W2 ^ : XC^ C Wi,XW2 C 0} 
where the map vr : Z'J{k,N) Zs{k,N) is an isomorphism over Z°(k,N). Hence coz°{k,N) — 

^Z'/{k,N}\z°{k,N)- 

Now consider the projection map 
p : Z'Jik.N) ^ {0 ^ T^i ^-^^+''', W2^C^ : XC^ C Wi,XW2 C 0} ^ W^~''''+^'ik -s,N) 

given by forgetting Vi and ¥2- This is a G(s, W2/W1) x G(iV - 2A: + s, W2/W1) fibration so the relative 
cotangent bundle is 

ujp ^ {det{Vi/Wi f-^''+' ® det(W^2/V^i)"') ® (det(y2/W^i)' » det(1^2/"^^2)"^+^'°"') 
^ (det(C^/yi)^ ® det(y2))^""'+'' ® (det(C^/iy2)'' ® det{Wi))-^+^''-^' . 
On the other hand, 

^w-2fe+2s(^ - s, iV) C {0 ^ W^i ^^t^^ VK2 ^ : XW2 C 0} 
is carved out by the section X : C'^ /W2 W\. Using this fact it is straight-forward to check that 
a;^„_..+2.(fe_,^^,) = (det(C^/M^2)'' ® det(T^i))^~2fc+2s^ 

Thus we get uJz"{k,N) — ® i^w™-2'=+2=(fe-s,Ar) — (det(C^/VL)^ ® det(V2))^^^'^^^^ and the result 
follows. □ 

5.3. Kawamata's equivalence for T*G(2,4). In [Ka2] Kawamata studies stratified Atiyah flops for 

Y{2,N) — T*G{2, N). Licidentally, Kawamata also calls these stratified Mukai fiops (the terminology 
of stratified Atiyah flops is from |N2j ). 

Kawamata constructs two functors $ : D{Y{2, N)) D{Y{N — 2, N)) which are adjoints of each 
other. He shows f (Ka2j Theorem 3.5) that when = 4 these functors induce equivalences. We would 
like to briefly outline his construction and explain why: 

Proposition 5.7. The kernel S{2, N) = 1*^*0^0(2 N)iY^1=o (2)^°(^' ^)) '^'^'^ fl^ft '^^ right) adjoint 
induce Kawamata's functors ^ : D{Y {2, N)) ^ D{Y {N - 2, N)) . 



Remark 5.8. By Corollarv l5.2l the kernel 5(2, A^) induces an equivalence. Hence Kawamata's functors 
4" and $ are equivalences for all A^. 

Inside 

y(2, N) = {(X, V,x):x^£,X ^ End(C^), C ^ C C^, dim(y) = 2 and y q| 

there are two natural strata: namely the locus where X = (isomorphic to G(2,Af)) and the locus 
where rankX < 1 (the locus rank AT < 2 is the whole central fibre y(2, A^)). Kawamata first blows up 
the first locus and then the strict transform of the second locus to obtain 

y"(2, AT) ^ Y\2,N) ^ Y{2,X). 

Inside y"(2. A') we denote by E\ the exceptional divisor of /i and by E2 the strict transform of the 
exceptional divisor of /2. Warning: our labeling of divisors does not match precisely that in |Ka2j for 
reasons that will soon become clear. 
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Kawamata then blows up Y{N — 2, N) in the same way to obtain Y"{N — 2, N) and identifies this 
smooth variety with Y"{2, N). To summarize, we arrive at the following commutative diagram 

(6) Y"{2,N) = Y"{N -2,N) 

f+ 

f(2, N) ^ Z(2, N) ^ Y{N - 2, K) 



3(2, N). 

Notice that Z{2, N) = Y{2, N) x ^^^ Y{N — 2, TV) so the map tt exists by the universal property of 
fibre products. The functors 5* and $ arc then defined by 

*(•) := /,(/+*(•) ® Of "(2,^)(^^2)) 

*(■) := /+(/*(•) ®Oy.(2^^.)((2iV-5)i?2 + (iV-3)£;i)). 

Notice that Z{2,N) contains three components, namely Zs{2,N) where s — 0,1,2. Similarly, 
Y"{2,N) (the preimage of Y{2,N) under /) also contains three components, namely Ei,E2 and the 
proper transform of Y{2,N) inside Y"{2,N) (which we denote Eq). The map tt then maps Eg to 
Zs{2, N) for s = 0, 1, 2 (the map is generically one-to-one). 

From this we see that the complement of Y"{2, N)° 7r"i(Z°(2, N)) in Y"{2, N) has codimension 
at least two (otherwise it would contain a divisor whose restriction to Y"{2,N) would be another 
component). Now denote by j' : Y"{2,N)" — > Y"(2,N) the natural open immersion. Thus for any 
a,b G 1i 

J*(Oy"(2,jv)4a£^i + &^^2)) = Oy„^^j,^iaEi+bE2). 
Using the commutative diagram 

F"(2,7V)°-^f"(2,iV) 
Z°(2,iV) — ^-^Z{2,N) 

we find that 

R\.Oy„^^j,)iE2) = oj:{Oy,,^^ j,^„{E2))^j..oR^nUOY,,(2^Mr{E2)) 

- J*Oz"(2.Ar)(^2°(2,A^))=5(2,7V) 

where the third isomorphism follows by the projection isomorphism since E2 = 7r*Z2{2,N) and tTq is 
a proper map between smooth varieties. Now 

*(■) = /*(/+*(•) ®Oy"(2,iV)(£^2)) 

^ (^i,7r,)(7r*^*(-) «> C?y"(2,A')(^2)) 

= 7ri,(7rJ(-) 7r,(e)y„(2,A,)(i^2))) 

~ ^i,(7r2*(-)®5(2,7V)) 

which proves Proposition 15.71 
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As a consistancy check one can similarly show that 
^"^*^F"(2,JV)((2^ - ^)E2 + {N- 3)E,) ^ ^^)((2iV - 5)Z°(2, N) + [N - 3)Z°(2, N)) 

= 3*0 Qz:(2,7V)) ® (det(C^/T/i)det(t/2))^ 

where we used that det(C^/VL) ® det(V2) = C'z°(2,Ar)(ELo s^°(2, ^))- This means that S{2,N)l 
induces $. Note that we already knew this because ^ and $ were shown to be adjoints in )Ka2| . 

Remark 5.9. This same argument can be generalized from fc = 2 to arbitrary k. More precisely, one 
can iteratively blow up Y{k^ N) starting with the smallest stratum to obtain 

fW(fc,iV) ^ f ('=-i)(fc,7V) ^ ...^ Y{k,N). 

We denote by Eg the (proper transform of the) exceptional divisor of fs- 

Then there is an isomorphism Y^'^^k, N) = Y^''^{N — k,N) and a commutative diagram like in 
©. The map tt : fW(fc,7V) Z{k,N) identifies the divisors Es with Zs{k,N) for s = 0, . . . , /c. 
Subsequently: 

Proposition 5.10. 

s=0 ^ ^ s=0 ^ 

anc? t/ius both kernels induce equivalences D(Y{k,N)) — > D{Y{N — k,N)). 
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